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Abstract
We explore the closure preserving properties of bases for the space Ck(F) of continuous real
valued functions, with the compact-open topology, on the countable metric fan.
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1. Introduction
According to Ceder [3] a space is M1 (respectively, M2) if it has a σ -closure preserving
base (respectively, quasi-base). He demonstrated that M1 implies M2, which in turn implies
a third property M3 (which is equivalent to that of being stratifiable [2]), and asked the
now classic problem of whether M3 implies M1. Gruenhage in 1976 [6] and independently
Junnila in 1978 [8] proved that M3 implies M2.
Recently Gartside and Reznichenko [5] have shown that for Z a separable completely
metrisable space, the space of continuous real valued functions on Z with the compact-
open topology, Ck(Z), is M3. Interestingly the proof concretely demonstrates the M3
property for Ck(Z) whilst giving no indication how to establish the M1 property. This
has renewed interest in the possibility of a counterexample to M3 ⇒ M1.
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So with regards to a counterexample to M3 ⇒ M1 we must focus on separable completely
metrisable spaces which are not locally compact. There is a canonical ‘smallest’ such
space. Let F = (ω × ω) ∪ {∞}, where each point of ω × ω is isolated, and the nth ba-
sic open set about ∞ is given by Bn(∞) = {∞} ∪ ((ω \ n) × ω). Note that F is known as
the countable metric fan. It is well known that a first countable space is not locally count-
ably compact if and only if it has a closed subspace homeomorphic to F. Further, it can
be seen that if Z is separable metrisable but not locally compact then Ck(F) embeds as a
closed subspace in Ck(Z).
Thus we see that the metric fan F plays a key role in deciding whether there is a coun-
terexample to M3 ⇒ M1 of the form Ck(Z). The purpose of this paper is to uncover the
closure preserving properties of Ck(F). After the first author announced the results of this
paper at the 2002 Summer Topology Conference in Auckland, Gruenhage and Tamano
announced that they can show that every σ -compact completely metrisable space Z has
M1 Ck(Z) (in fact Ck(Z) is µ, see below). This extends our best positive result for Ck of
the metric fan. However the techniques introduced here for showing (local) bases are not
closure preserving (or mosaical, see below) may be the key to showing that Ck(irrationals)
is not M1 (or µ).
Preliminaries. Note that all spaces in this paper are assumed to be regular and T1. Re-
call that in the compact-open topology a basic open set about f ∈ Ck(Z) is of the form
B(f,C, ε), for some C ⊆ Z compact and ε > 0, where
B(f,C, ε) = {g ∈ Ck(Z): ∣∣g(z) − f (z)∣∣< ε for all z ∈ C}.
A space is a µ-space if it can be embedded in the product of countably many paracom-
pact Fσ -metrisable spaces, where a space is Fσ -metrisable if it is the countable union of
closed metrisable subspaces. M3 µ-spaces are of interest since, in addition to possessing
all the useful properties of M3 spaces, they also have various dimension theoretical prop-
erties [9]. It has been shown that an M3 µ-space is hereditarily M1, but there is no known
example of an M3 space that is not a µ-space.
In considering µ-spaces, a useful notion has turned out to be that of a mosaic. Let C be
a collection of subsets of a space Z. A σ -discrete closed cover F of Z is a mosaic for C if
for each C ∈ C there is a subcollection FC of F such that C =⋃FC = Z \⋃(F \ FC).
That is, F is a mosaic for C if F is a σ -discrete closed cover of Z such that for each F ∈F
and C ∈ C, F ∩ C = ∅ or F ⊆ C. A mosaical collection C is a collection which has a
mosaic F for C. The partition induced by C is the disjoint cover {P(C′): C′ ⊆ C}, where
P(C′) = (⋂C′) \⋃(C \ C′). Note that P(∅) = Z \⋃C.
Tamano proved the following characterization of M3 µ-spaces.
Theorem 1 (see [10]). The following are equivalent for an M3 space Z:
(i) Z is a µ-space.
(ii) Z has a σ -mosaical base.
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be using properties of the set ωω. Define the order ∗ on ωω by
f ∗ g if f (n) g(n) for all but finitely many n ∈ ω.
Below we will use the cardinal b, where
b= min{|B|: B is an unbounded subset of ωω}.
For further details on b, see [4]. The irrationals are denoted P.
2. Closure preserving local bases
The class P of spaces are those M3 spaces where every point has a closure preserving
local base. The following results, which connect P spaces with the M3 ⇒ M1 problem,
were obtained by Ito¯ [7]. If an M3 space is in the class P , then it follows that it is M1.
Conversely, if an M3 space is not in P , then it fails to be hereditarily M1. That is, some
subspace will give a counterexample to the M3 ⇒ M1 conjecture, since the M3 property is
hereditary.
It is easy to show that Ck(F), as defined in the section above, has a σ -closure preserving
local base at 0 (the constant 0 function). In the following, we consider whether this can be
strengthened to Ck(F) having a closure preserving base at 0. This would be sufficient to
demonstrate that Ck(F) is in the class P , since as a topological group Ck(F) is homoge-
neous. However, if every local base at 0 were to fail to be closure preserving, then it would
follow that some subspace of Ck(F) would provide a counterexample to the M3 ⇒ M1
conjecture.
The following lemma and corollary give useful conditions to check whether or not a
given family of subsets is closure preserving. The simple proofs are omitted.
Lemma 2. Let Z be a topological space, and U a family of subsets of Z. Then U is a
closure preserving family if and only if for any z ∈ Z, there is an open Vz 
 z such that for
all U ∈ U , z /∈ U ⇒ Vz ∩ U = ∅.
Corollary 3. The family U fails to be closure preserving if and only if there is a z ∈ Z such
that for any open Vz 
 z, there is a U ∈ U such that both z /∈ U and Vz ∩ U = ∅.
For φ ∈ ωω, let Kφ = {∞} ∪ {(i, j): j < φ(i)}. Note {Kφ : φ ∈ ωω} forms a cofi-
nal subfamily in K(F), the family of all compact subsets of F ordered by ⊆. Thus B =
{B(0,Kφ, 12n ): φ ∈ ωω, n ∈ ω} forms a local base about 0. It is not difficult to show that
B fails to be closure preserving. Thus we let D = {B(0,C, 12n ): C ⊆ F compact, n ∈ ω},
and consider the generalization given by any local base E at 0 where each element of E is
some union of elements of D. The theorem below may be compared with a similar result
obtained by Balogh and Gruenhage [1]: they showed that Ck(P) does not have a σ -closure
base consisting of finite unions of basic open sets. The advantage of the theorem below is
that it deals with arbitrary unions—albeit only those of basic open neighborhoods centered
at the same point.
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any union of elements of D. Then E is not a σ -closure preserving family.
Suppose E =⋃{Ep: p ∈ ω}. We will show that for some p ∈ ω, the family Ep fails to
be closure preserving. To construct a subfamily of Ep which witnesses the failure of Ep to
be closure preserving, we will need to use the following combinatorial result.
Proposition 5. Suppose Φ = {φα: α ∈ b} and Ψ = {ψα: α ∈ b} are unbounded families
in 〈ωω,∗〉, where for any α ∈ b, φα(l)  ψα(l) for each l ∈ ω. Then there are families
{αn: n ∈ ω} ⊆ b and {sn: n ∈ ω} ⊆ ω (the latter family increasing) such that φαm(sm) >
ψαn(sm) for any n > m.
Proof. Note that the following holds:
(∗) Suppose that Ξ ⊆ ωω is unbounded. Then for each s ∈ ω, there is a t ∈ ω such that
s < t and {φ(t): φ ∈ Ξ} is unbounded in ω.
Let B0 = b. By (∗), let s0 be the minimum of all s ∈ ω such that {φα(s): α ∈ B0} is
unbounded. Then there exists α0 ∈ B0 such that {φα: α ∈ B1} is unbounded in ωω, where
B1 = {α ∈ B0: ψα(s0) < φα0(s0)}.
Inductively define sn, αn and Nn+1 as follows. By (∗), let sn be the minimum of all
s ∈ ω such that sn−1 < s and {φα(s): α ∈ Bn} is unbounded. Take αn ∈ Bn such that
{φα: α ∈ Bn+1} is unbounded in ωω, Bn+1 = {α ∈ Bn: ψα(sn) < φαn(sn)}.
Then it is straightforward to check the αns and sns satisfy the conditions of the propo-
sition. 
We are now in a position to prove that E is not a σ -closure preserving family.
Proof of Theorem 4. Let {χα: α ∈ b} be an unbounded family in 〈ωω,∗〉. For each
α ∈ b, B(0,Kχα ,1) is an open set in Ck(F) containing 0. Since E forms a local base at 0,
for each α ∈ b there is an Eα ∈ E such that 0 ∈ Eα ⊆ B(0,Kχα ,1). By passing to a b-sized
subset if necessary, we may assume that there is some fixed p ∈ ω such that Eα ∈ Ep for
each α ∈ b.
Suppose Eα = ⋃Dα , where Dα = {B(0,C(α,β), 12n(α,β) ): β ∈ κα} ⊆ D. For any
β ∈ κα , we have that B(0,C(α,β), 12n(α,β) ) ⊆ Eα ⊆ B(0,Kχα ,1), and so Kχα ⊆ C(α,β).
Define φβα ∈ ωω by φβα (l) = min{m ∈ ω: (l,m) /∈ C(α,β)}, for each l ∈ ω, which is well-
defined since C(α,β) ⊆ F is compact. Note φβα (l) χα(l). Note also that Kχα ⊆ Kφβα ⊆
C(α,β).
Define φα ∈ ωω by φα(l) = min{φβα (l): β ∈ κα} for each l ∈ ω, and let nα =
min{n(α,β): β ∈ κα}. Note that χα  φα and Eα ⊆ B(0,Kφα , 12nα ).
Choose βα ∈ κα such that n(α,βα) = nα . Define ψα ∈ ωω by ψα(l) = 1 + max{m ∈ ω:
(l,m) ∈ C(α,βα)}, for each l ∈ ω. This is also well-defined, by the compactness of
C(α,βα) ⊆ F. Clearly φα(l)ψα(l) for each l ∈ ω, and C(α,βα) ⊆ Kψα .
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{φα: α ∈ b} is unbounded. As any union of countably many bounded families of 〈ωω,∗〉
is bounded, there is a d ∈ ω so that B = {α ∈ b: nα = d} is unbounded.
Since {φα: α ∈ B} and {ψα: α ∈ B} satisfy the conditions of Proposition 5, we have
families {αn: n ∈ ω} ⊆ B and {sn: n ∈ ω} ⊆ ω with the stated properties. By Corollary 3
above, we need to give a f ∈ Ck(F) such that for any open Vf 
 f , there is an E ∈ Ep such
that both (i) f /∈ E, and (ii) E ∩ Vf = ∅.
Consider f :F → R defined by
f
(
(a, b)
)=
{ 1
2d + 12n+d if a = sn, b = φαn(sn) − 1,
1
2d − 12a+d otherwise,
and
f (∞) = 1
2d
.
Note that by construction f is continuous. That is, f ∈ Ck(F).
Take any open set Vf such that f ∈ Vf . Then there is some basic open set B(f,C, 12l ) ⊆
Vf , where C ⊆ F is compact and l ∈ ω.
Consider the element Eαl+1 of Ep corresponding to φαl+1 . Note that for n < l + 1, we
have ψαl+1(sn) < φαn(sn), from Proposition 5. Thus (sn,φαn(sn)− 1) /∈ Kψαl+1 , whenever
n < l + 1.
(i) f /∈ Eαl+1 : Note that x = (sl+1, φαl+1(sl+1)− 1) ∈ Kφαl+1 , and so from the definition
of φαl+1 above it follows that x ∈ C(αl+1, β) for each β ∈ καl+1 . From the definition of f ,
we have that f (x) = 12d + 12l+d+1 . Consider B(f, {x}, 12l+d+1 ), an open set about f .
Take any D = B(0,C(αl+1, β), 12n(αl+1,β) ) ∈ Dαl+1 , and suppose we have that h ∈
B(f, {x}, 12l+d+1 )∩B(0,C(αl+1, β), 12n(αl+1,β) ). Then |f (x)− h(x)| <
1
2l+d+1 and |h(x)| <
1
2n(αl+1,β) 
1
2nαl+1 = 12d , which implies that |f (x)|  |h(x)| + |f (x) − h(x)| < 12d +
1
2l+d+1 = |f (x)|, which is impossible.
Thus B(f, {x}, 12l+d+1 ) ∩ D = ∅ for each D ∈ Dαl+1 , and so B(f, {x}, 12l+d+1 ) ∩
(
⋃Dαl+1) = ∅. That is, f /∈⋃Dαl+1 = Eαl+1 .
(ii) Eαl+1 ∩ Vf = ∅: Consider h :F → R defined by
h
(
(a, b)
)=


1
2d − 12l+d+1 + 12n+d+1 if (a, b) = (sn,φαn(sn) − 1), n l + 1
f ((a, b)) − 12l+d+1 if a  sl+1 and (a, b) = (sn,φαn(sn) − 1),
(n l + 1),
f ((a, b)) otherwise,
and
h(∞) = 1
2d
− 1
2l+d+1
.
Again h is continuous, so h ∈ Ck(F).
By construction, |h(x)| < 12d for all x ∈ Kψαl+1 . But C(αl+1, βαl+1) ⊆ Kψαl+1 , and
so |h(x)| < 1d for all x ∈ C(αl+1, βαl+1), where d = nαl+1 = n(αl+1, βαl+1). Thus h ∈2
P. Gartside, A. Glyn / Topology and its Applications 151 (2005) 120–131 125B(0,C(αl+1, βαl+1), 12n(αl+1,βαl+1 ) ) ∈ Dαl+1 , and so h ∈
⋃Dαl+1 = Eαl+1 . It remains to
show that h ∈ Vf .
For x = (sn,φαn(sn) − 1), where n l + 1,
∣∣f (x) − h(x)∣∣= 1
2n+d
+ 1
2l+d+1
− 1
2n+d+1
<
1
2n
+ 1
2l+1
 1
2l+1
+ 1
2l+1
= 1
2l
.
For x /∈ {(sn,φαn(sn) − 1): n l + 1}, it follows easily (by examining the different cases
separately) that |f (x) − h(x)| < 12l . So h ∈ B(f,C, 12l ) ⊆ Vf .
Hence Eαl+1 ∩ Vf = ∅. Thus the family Ep fails to be closure preserving, and so it
follows that the given local base E about 0 is not σ -closure preserving, as required. 
We now aim to construct a local base A about 0 in Ck(F) that is closure preserving,
which will demonstrate that Ck(F) is in the class P .
For a given φ ∈ ωω and n ∈ ω, let A(φ,n) = B(0,Kφ, 12n−2 )∩B(0, {∞}, 12n ), which is
clearly an open subset of Ck(F) containing 0. Note in particular that each A(φ,n) cannot
be written as the union of sets of the form B(0,C, ε), where C compact and ε > 0.
Let A = {A(φ,n): n ∈ ω, φ ∈ ωω such that φ(l) > n for all l ∈ ω}. Since B(0,Kφ,
1
2n ) ⊆ A(φ,n) ⊆ B(0,Kφ, 12n−2 ), it follows that A forms a local base about 0 in Ck(F).
We now prove a lemma describing the closure of a typical A(φ,n), since the properties of
the closure of such an A(φ,n) will be used repeatedly below.
Lemma 6. Consider A(φ,n) for some φ ∈ ωω and n ∈ ω. Let D = {f ∈ Ck(F): |f ((a, b))|
 12n−2 for all (a, b) ∈ Kφ, and |f (∞)| 12n }. Then A(φ,n) = D.
Proof. It is easy to see that D is closed. Suppose f ∈ D. Let C ⊆ F be a compact set and
ε > 0. We show that A(φ,n) ∩ B(f,C, ε) = ∅. Since f is bounded on the compact set C,
there is a δ with 0 < δ < 1 such that δ|f (x)| < ε for every x ∈ C. Define g = (1− δ)f . We
show that g ∈ A(φ,n) ∩ B(f,C, ε). Since 0 < 1 − δ < 1, we have |g(x)| < |f (x)| for all
x ∈ F with |f (x)| > 0, which implies g ∈ A(φ,n). Furthermore, for any x ∈ C, we have
|g(x) − f (x)| = δ|f (x)| < ε. Hence g ∈ (f,C, ε). 
We will now proceed to investigate the closure preserving properties of the local baseA.
The following two propositions are designed bearing Lemma 2 in mind.
Proposition 7. Let f ∈ Ck(F) be such that f (∞) = 0. Then there is an open Vf 
 f such
that for all U ∈A, f /∈ U ⇒ U ∩ Vf = ∅.
Proof. Let n∞ ∈ ω be minimal such that |f (∞)| > 12n∞+1 , and let εn∞ = |f (∞)|− 12n∞+1 .
Let n0 ∈ ω be least such that there is an x ∈ F with |f (x)| > 12n0 .
Case n0  n∞: Let Vf = B(f, {∞}, εn∞). Take any U ∈A such that f /∈ U . Suppose
U = A(φ,d). Claim U ∩ Vf = ∅.
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from Lemma 6 that d  n∞ +1. Note ∞ ∈ Kφ . Thus if h ∈ U ∩Vf , then |h(∞)| < 12d and
|h(∞) − f (∞)| < εn∞ . It would then follow that |f (∞)| < εn∞ + 12d  εn∞ + 12n∞+1 |f (∞)|, which is impossible. Thus U ∩ Vf = ∅.
Case n0 < n∞: By the continuity of f at ∞, there is a c ∈ ω such that |f ((a, b))| <
1
2n∞−1 whenever a  c. For each n ∈ ω such that n0  n < n∞, define An = {a ∈ c: ∃b ∈
ω such that |f ((a, b))| > 12n }. Note An = ∅ whenever n0  n < n∞. Now for each a ∈ An,
let ba,n ∈ ω be the least such that |f ((a, ba,n))| > 12n . Since An is finite, there is an εn > 0
such that |f ((a, ba,n))| > 12n + εn for each a ∈ An. Now let ε = min{εn: n0  n  n∞},
and bε = max{ba,n: n0  n < n∞, a ∈ An}.
Define ψ ∈ ωω by ψ(l) = bε + 1 for all l ∈ ω, and let Vf = B(f,Kψ, ε). Note
(a, ba,n) ∈ Kψ whenever n0  n < n∞ and a ∈ An. Take any U ∈ A such that f /∈ U .
Suppose U = A(φ,d). Claim U ∩ Vf = ∅.
Now if d  n∞ +1, then the required result follows as in the case n0 = n∞ above (since
∞ ∈ Kψ ). Thus we may assume that d  n∞.
Since |f (∞)| 12n∞  12d , it follows from Lemma 6 that there is an (a, b) ∈ Kφ such
that |f ((a, b))| > 12d−2 . Thus n0  d − 2. Note also that d − 2 < n∞, which implies
(a, ba,d−2) is well-defined. From above we have (a, ba,d−2) ∈ Kψ . It follows from the
minimality of ba,d−2 that ba,d−2  b < φ(a), and so we also have that (a, ba,d−2) ∈ Kφ .
Thus if h ∈ U ∩Vf , then |h((a, ba,d−2))| < 12d−2 and |h((a, ba,d−2))−f ((a, ba,d−2))| <
ε. It would then follow that |f ((a, ba,d−2))| < ε + 12d−2  εd−2 + 12d−2 < |f ((a, ba,d−2))|,
which is impossible. Hence U ∩ Vf = ∅, as required. 
Proposition 8. Let f ∈ Ck(F) be such that f (∞) = 0. Then there is an open Vf 
 f such
that for all U ∈A, f /∈ U ⇒ U ∩ Vf = ∅.
Proof. We may assume that f = 0, since 0 ∈ U for all U ∈A. Define ε > 0 and bε ∈ ω as
follows.
Let n0 ∈ ω be least such that there is an x ∈ F with |f (x)| > 12n0 . By the continuity of
f at ∞, there is a cn0 ∈ ω such that |f ((a, b))| < 12n0 whenever a  cn0 . Let An0 = {a ∈
cn0 : ∃b ∈ ω such that |f ((a, b))| > 12n0 }.
From the definition of n0, An0 = ∅. For each a ∈ An0 , let ba,n0 ∈ ω be least such that
|f ((a, ba,n0))| > 12n0 . Since An0 is finite, there is a εn0 > 0 such that |f ((a, ba,n0))| >
1
2n0 + εn0 for all a ∈ An0 . Let bn0 = min{ba,n0 : a ∈ An0}. Let an0 ∈ ω be such that
|f ((an0 , bn0))| > 12n0 . If n0  bn0 , then let ε = εn0 , and bε = max{ba,n0 : a ∈ An0}.
Otherwise we have that n0 < bn0 . Suppose n ∈ ω is such that n0 < n < bn0 . By the
continuity of f at ∞, there is a cn ∈ ω, cn  cn0 , such that |f ((a, b))| < 12n whenever
a  cn. Let An = {a ∈ cn: ∃b ∈ ω such that |f ((a, b))| > 12n }. Note An = ∅ whenever
n > n0. For each a ∈ An, let ba,n ∈ ω be least such that |f ((a, ba,n))| > 12n . Since An is
finite, there is a εn > 0 such that |f ((a, ba,n))| > 12n + εn for all a ∈ An. Now let ε =
min{εn: n0  n < bn0}, and bε = max{ba,n: n0  n < bn0, a ∈ An}.
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let Vf = B(f,Kψ, ε). Note (a, ba,n) ∈ Kψ whenever n0  n < bn0 and a ∈ An. Take any
U ∈A such that f /∈ U . Suppose U = A(φ,d). Claim U ∩ Vf = ∅.
Case d < bn0 : Since f (∞) = 0, it follows from Lemma 6 there is an (a, b) ∈ Kφ
such that |f ((a, b))| > 12d−2 . Thus n0  d − 2. Since n0  d − 2 < d < bn0 , we have
that (a, ba,d−2) is well-defined.
From above we have (a, ba,d−2) ∈ Kψ . It follows from the minimality of ba,d−2 that
ba,d−2  b < φ(a), and so we also have that (a, ba,d−2) ∈ Kφ .
Thus if h ∈ U ∩Vf , then |h((a, ba,d−2))| < 12d−2 and |h((a, ba,d−2))−f ((a, ba,d−2))| <
ε. It would then follow that |f ((a, ba,d−2))| < 12d−2 + ε  12d−2 + εd−2 < |f ((a, ba,d−2))|,
which is impossible.
Case d  bn0 : From the definition of A, we have φ(l) > d for each l ∈ ω. In particular,
φ(an0) > d  bn0 , and so (an0 , bn0) ∈ Kφ .
From above we have (an0 , bn0) ∈ Kψ . Thus if h ∈ U ∩ Vf , then |h((an0 , bn0))| < 12d−2
and |h((an0 , bn0)) − f ((an0 , bn0))| < ε. Noting from above that n0  d − 2, it would then
follow that |f ((an0 , bn0))| < 12d−2 + ε  12n0 + εn0 < |f ((an0 , bn0))|, which is impossible.
Thus in each case U ∩ Vf = ∅, as required. 
Theorem 9. Let F be the countable metric fan. Then Ck(F) has a closure preserving base
at 0.
Proof. Consider the local base at 0 as defined by A above. Let f ∈ Ck(F). Then either
f (∞) = 0 or f (∞) = 0. Thus, by Proposition 7 or Proposition 8, respectively, there must
be an open Vf 
 f such that for all U ∈A, f /∈ U ⇒ U ∩ Vf = ∅.
Since the above conclusion holds for any f ∈ Ck(F), it follows by Lemma 2 that A
must be a closure preserving family, as required. 
Corollary 10. The space Ck(F) satisfies the M1 property.
Proof. As the function space of a separable completely metrisable space, Ck(F) is M3.
Since Ck(F) is a homogeneous topological group, it follows from Theorem 9 above that
every point of Ck(F) has a closure preserving local base. That is, Ck(F) is in the class P .
Ito¯ (in [7]) has shown that any M3 space in the class P is M1. Thus Ck(F) satisfies the M1
property, as required. 
The following remains open:
Question. Does Ck(P) have a closure preserving local base at 0?
A positive answer to this question would imply that Ck(P) is an M1-space, by similar
reasoning to the above. If Ck(P) does not have a closure preserving base at 0, then some
subspace of Ck(P) would give a counterexample to the M3 ⇒ M1 conjecture.
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We now examine whether Ck(F), as defined above, is a µ-space. In light of Theorem 1
above, we will begin by considering the mosaical properties of local bases at 0 in Ck(F).
We will use the following easy lemma.
Lemma 11. A collection C has a mosaic F if and only if the partition induced by C has a
σ -discrete closed refinement F as a cover.
We begin by investigating whether the closure preserving base A at 0 also forms a
σ -mosaical collection.
Theorem 12. Let A be the closure preserving base at 0 in Ck(F), as defined previously.
That is, A contains all open sets of the form A(φ,m) = B(0,Kφ, 12m )∩B(0, {∞}, 12m+2 ),for m ∈ ω and φ ∈ ωω where φ(l) > m + 2 for all l ∈ ω. Then A does not form a σ -
mosaical base at 0.
Proof. Suppose A =⋃{An: n ∈ ω}, where each An is a mosaical collection. Then for
some n, s ∈ ω, the collection B = {φ: A(φ, s) ∈An} is unbounded in 〈ωω,∗〉. Pick c so
that {φ(c): φ ∈ B} is unbounded.
Define C = {f ∈ Ck(F): f (x) = 12n+3 for any x ∈ F \ ({c} × ω)}. Then the restriction
map f → f |({c} × ω) induces a natural homeomorphism Φ from C to the Tychonoff
product Rω .
Let A′ = {A(φ, k) ∈ An: k  s}, and let G = {f ∈ C: f ({c} × ω) ⊆ (− 12n , 12n )}. Then
(1) G = C ∩ P(A′), where P(A′) = (⋂A′) \⋃(An \A′).
Indeed, by the definition, we have
(2) G ⊆ C.
Since for any A(φ, k) ∈ An \A′, we have k > s, thus A(φ, k) ⊆ B(0, {∞}, 12n+3 ) ⊆
Ck(F) \ C. Hence C ∩ (⋃(An \A′)) = ∅. Therefore
(3) C ∩ P(A′) = C ∩ (⋂A′).
On the other hand,
(4) G ⊆ {f ∈ Ck(F): |f (x)| < 12n for any x ∈ F, and |f (∞)| < 12n+2 } ⊆
⋂A′, because
k  s whenever A(φ, k) ∈A′.
Furthermore,
(5) if f ∈ C \ G, then, |f ((c, b))| 12n for some b ∈ ω, hence we have f /∈
⋂A′.
Note that (5) is true because {A(φ, s): φ ∈ B} ⊆A′ and {φ(c): φ ∈ B} is unbounded
in ω. Now (1) follows from (2)–(5).
Since P(A′) is a member of the partition induced by the mosaical collection An, P(A′)
is an Fσ set in Ck(F). Hence G is an Fσ set of C. But Φ(G) = (− 12n , 12n )ω is not an Fσ
in Φ(C) = Rω, which contradicts the fact that Φ is a homeomorphism and G is an fσ
in C. 
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we now construct a local base at 0 which satisfies the σ -mosaical property.
Proposition 13. Let f be any element of Ck(F). Then there is a σ -mosaical local base at
f in Ck(F).
Proof. We will show that there is a σ -mosaical local base B0 at 0 in Ck(F). Since Ck(F)
is a topological group, it will then follow, by translation, that there is a σ -mosaical local
base at any f ∈ Ck(F).
For φ ∈ ωω and n ∈ ω, let
D(0, φ,n) = B
(
0, {∞}, 1
2n
)
∩
⋂
m∈ω
B
(
0, {m} × φ(m), 1
2n
+ 1
2n+φ(m)
)
.
Claim. Any such D(0, φ,n) is open.
Proof. Take any f ∈ D(0, φ,n). Now f (∞) ∈ (− 12n , 12n ), and so let r = 12 ( 12n −
|f (∞)|) > 0. By the continuity of f at ∞, there is a c ∈ ω such that |f ((a, b))| < 12n − r
whenever a  c. For each a < c and b < φ(a), let p(a, b) = 12n + 12n+φ(a) − |f ((a, b))| >
0. Choose p ∈ ω such that 12p < min{r,min{p(a, b): a < c,b < φ(a)}}. Then f ∈
B(f,Kφ, 12p ) ⊆ D(0, φ,n), and so D(0, φ,n) is open, as required. 
Let Bn = {D(0, φ,n): φ ∈ ωω}, and let B0 = ⋃{Bn: n ∈ ω}. Note that for a given
φ ∈ ωω and n ∈ ω, we have that B(0,Kφ, 12n ) ⊆ D(0, φ,n) ⊆ B(0,Kφ, 12n−1 ). It follows
that B0 forms a local base at 0 in Ck(F). We aim to show that each Bn is a mosaical
collection.
So fix n ∈ ω. For each A ∈ [ω]<ω and θ ∈ ωA, let E(A, θ) = B(0, {∞}, 12n ) ∩
{f ∈ Ck(F): ∀a ∈ ω \ A,∀b ∈ ω, |f ((a, b))|  12n ; and ∀a ∈ A, θ(a) is the least b ∈
ω such that ∃d < b with |f ((a, d))| 12n + 12n+b }.
Now consider the family
E = {E(A, θ): A ∈ [ω]<ω, θ ∈ ωA}∪ {{f ∈ Ck(F): ∣∣f (∞)∣∣ 12n
}}
.
Claim. Let E be the family as defined above. Then
(i) E is a countable disjoint cover for Ck(F).
(ii) Given D(0, φ,n) ∈ Bn and E(A, θ) ∈ E , then either D(0, φ,n) ∩ E(A, θ) = ∅, or
E(A, θ) ⊆ D(0, φ,n).
Proof. (i) It is clear that E is countable and forms a disjoint family. It remains to show that
E forms a cover.
Let f ∈ Ck(F). If |f (∞)| 12n , then trivially f ∈ {f ∈ Ck(F): |f (∞)| 12n }. So sup-
pose |f (∞)| < 1n . By the continuity of f at ∞, there is a c ∈ ω such that |f ((a, b))| < 1n2 2
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For each a ∈ A, let θ(a) be the least b ∈ ω such that there is a d < b with |f ((a, d))| 
1
2n + 12n+b . Note θ ∈ ωA. Then, by construction, f ∈ E(A, θ), as required.(ii) Given D(0, φ,n) ∈ Bn and E(A, θ) ∈ E , there are two cases to consider.
Case 1: Suppose θ(a)  φ(a) for some a ∈ A. Then for any f ∈ D(0, φ,n) and d <
θ(a) φ(a),
∣∣f ((a, d))∣∣< 1
2n
+ 1
2n+φ(a)
 1
2n
+ 1
2n+θ(a)
.
Thus f /∈ E(A, θ), and so D(0, φ,n) ∩ E(A, θ) = ∅.
Case 2: θ(a) > φ(a) for each a ∈ A. Take any f ∈ E(A, θ), and suppose (a, b) ∈ ω×ω.
If a ∈ ω \ A, then |f ((a, b))|  12n . So suppose that a ∈ A, and b < φ(a). Then, by the
definition of θ and since θ(a) > φ(a),
∣∣f ((a, b))∣∣ 1
2n
+ 1
2n+θ(a)−1
 1
2n
+ 1
2n+φ(a)
.
Thus f ∈ D(0, φ,n), and so we have that E(A, θ) ⊆ D(0, φ,n). 
Note that it follows from the claim and proof above that given φ ∈ ωω,
D(0, φ,n) =
⋃{
E(A, θ): θ(a) > φ(a) for each a ∈ A}.
Since E is countable, to show that Bn is mosaical it is sufficient to demonstrate that each
member of E is an Fσ . But since every open set in Ck(F) is an Fσ , it is easy to see that
each E(A, θ) is indeed Fσ . 
We will now use the properties of this σ -mosaical local base at 0 to demonstrate that
Ck(F) is in fact a µ-space.
Theorem 14. Let F denote the countable metric fan. Then Ck(F) is a µ-space.
Proof. Note first that each space of the form Ck(Z), where Z is separable metrisable,
is itself separable. Thus let F = {fm: m ∈ ω} be a countable dense set in Ck(F). From
Proposition 13 above, we have a σ -mosaical local base Bm at fm, for each m ∈ ω. It is
clear that B =⋃{Bm: m ∈ ω} forms a σ -mosaical open collection in Ck(F). Since Ck(F)
is a topological group, it is clear that B is in fact a (σ -mosaical open) base for Ck(F). 
Now any M3 µ-space is hereditarily M1 (see [10]). Thus we have that Ck(F), as a µ-
space, must be hereditarily M1, which answers a question of Gartside from his PhD thesis.
The methods used in this section may also give insight into how to answer the following:
Question. Is Ck(P) a µ-space?
This question is important since, in particular, a positive answer would imply that Ck(Z)
is a µ-space, and so hereditarily M1, for any separable completely metrisable space Z.
P. Gartside, A. Glyn / Topology and its Applications 151 (2005) 120–131 131References
[1] Z. Balogh, G. Gruenhage, Private communication.
[2] C.R. Borges, On stratifiable spaces, Pacific J. Math. 17 (1966) 1–16.
[3] J. Ceder, Some generalizations of metric spaces, Pacific J. Math. 11 (1961) 105–125.
[4] E.K. van Dowen, The integers and topology, in: K. Kunen, J.E. Vaughan (Eds.), Handbook of Set-Theoretic
Topology, North-Holland, Amsterdam, 1984.
[5] P.M. Gartside, E. Reznichenko, Near metric properties of function spaces, Fund. Math. 164 (2000) 97–114.
[6] G. Gruenhage, Stratifiable spaces are M2, Topology Proc. 1 (1976) 221–226.
[7] M. Ito, The closed image of a hereditarily M1-space is M1, Pacific J. Math. 113 (1984) 85–91.
[8] H. Junnila, Neighbornets, Pacific J. Math. 76 (1978) 83–108.
[9] S. Oka, Dimension of stratifiable spaces, Trans. Amer. Math. Soc. 275, 231–245.
[10] K. Tamano, On characterizations of stratifiable µ-spaces, Math. Japonica 30, 743–752.
